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DIFPUSION .OF RADIATION IN A MEDIUM LIMITED BY |
A GLASSY SURFACE

S. D. Gutshabash

The exact solution for the problem of diffusion of radiation/56%
in a semi-infinite medium adjacent to a glassy surface in the
case of isotropic scattering is well kriown [1]. The unknown
brightness coefficilent p(n, z), which depends on the two vari-
ables n and t, may be expressed in terms of certain auxiliary
functlons, each of which depends on one of the variables n or Z.

It will be shown below that p(n, ) cannot be represented /57
uniquely by means of ‘auxiliary functions, and in this connection
the auxiliary functions are determined by different equations.

Let us assume that radiation enters an isotropiecally
scattering medium of a semi-infinite optical thickness, limited
by a glassy surface. The flux of this radlation through a unit
surface at the medium boundary equals w3, and the angle of
incidence 1 = arccos . If the boundary is not taken into
- account, then the strength of the radiation‘I(n, ¢), which is
diffusely reflected at the angle v = arccos mny is determined by
- the formula ' : *

C A, 9=Sp(, O, o (1)

¥Numbers in the margin indicate pagination of original
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where

P A e (e
pln Q=T (2)

where A ls the quantum survival probability: mUﬂ-—I+2nIprm.Od;
) ’ 1]

— Ambartsumyan function. ‘In the presence of“étg@aésy,surfﬁée,‘
fo;~the strength of diffusely reflected radiation

Tn 9i=5(n, 0% @

we have the equationl
‘“ o o . . ’ 3 e n _ . .
7o O=I (3, O+2c [ LO 2 por)on, ), (4)
S ' ) o . .

in which p(n) is the portion of radiation reflected from a
limiting surface. Substituting Expressions (1) — (3) in (4},
we obtain an integral equatlion which 1is satisfied by the desired
brightness coefficient p(n, [)

#n = (1, 0+2jo(n. Do) d. - )

This equation was obtained previously in a different way. In
order to separate the variables ‘in Equation (5), we set

”

T gm AR 8GO | ®
Substituting (6) 1n (5) and equating the coefficients when = '
1/{n + ) and 1/(n - ) in the left and right sides of the
equation obtalned, we obtain the system of equations for A(n, )
and B(n, §). |

A(n. C)=v(*z)?(' )+ )fe(n')fp(l)p(n')x
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Based on the principle of reversibility for optical phenomena,
we may assume that p(n, ) must be a symmetrical function of n

and . Consequently, A(n, z) must be a symmetrical function,
and B(n, z) must be an asymmetrical function with respect to n

and ¢
A 9=AG, M B, O=—B ) BN

Therefore, we may set

{A M. O=2(n)z@Q—B{B{E);.

Bn. O=a(m)BE)—a (B (). (10)

~ Substituting (10) in Equations (7) and (8), we obtain

wd=v (0420 [p . )P B s
. Bed=2afeln M)t

The functions a(n) and B(n) must satisfy.the equations

A ! ’ ’.
=y (i-hgn [ LB B, e (129

E
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It may be shown that 1f a(n) and B{n) satisfy Equations
(11), then they satisfy Equations (12).- A slmilar solution was
given in [1]. Let us set

Al Q=B 0R)

Bl Y=sFO =G0, (13)
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Then a(n) and B(n) are determined by the equations

s(c)==cmo 2 j b0, C)p(n')ﬂ(ﬂ')dn. |

- r
‘(U‘“'Cz? (t)+2¢j PO, opmu(-a )dvz. 5

and in addition

g(n)+%n§%"—';ﬁlw)p(ﬂ av’ =c,=(n)+cga .

. -1
T Aln )
Tn; q‘_’,’_;ﬁ) ‘P("l')P("l)d'I -*C.ﬂ('fa) Cz?(*)
| Thus, the constants C; and C, satisfy the condition

2CIC2= -

We shall show that, if the functions a(n) and B{n) satisfy

(14)

(15)

(16)

Equations (14), then they satlsfy Equation (15). Actually, using

Expressions (3) and (13), we obtain

%ﬂ%{%?(n')p(n')dn = ?m 2nf9(n 7 )B(Vi')P(’I)d" +

S
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'\__-.___. S

and by means .of Ekpression (14),,we obtain

-

-
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+EE )~ Crml =Ca ()= Cia (.

Thus, the second of the equations (15) will be satisfiled.

us show that the first of these equations is satisfied.
into account (13) and (14), we shall haVe

(17}

(18)

Let

Taking
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¢ {0 ; nbf Bin x) ?(n')ﬂ(n')dn -v('n)+[C'z?(n)+

P— 7
. 1 i
_+2u§p(n. ')P(n)z(r')dﬂ X iffjl, p(n’)?(n')dn ~
g ’-'w;f |
‘:[c,vw —2 J (n, 3 ')p(n')a(n')dnlx (19)
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Xi'('q’)f?(n')dn +2 j" 5{"—‘;’-’;‘-’%:—‘-—-—;:<n') () -}'li-_?f,;’—-x;
A T f (20)
Xpln') ?_(ﬂ')dn dn" 4-—"1 j 5[ %p(«:’)a(n’)x
Sl x2e) pL(n')v(n') drdn".
Since
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then the Expression (20) obtained above may be rewritten in the
form .

?(ﬂ)fl-f%-n -g,-}_l_—ﬁ—-)-?(n')p(n)dvr—?(n)«}-c%x
Sy . | (22)
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Using Equation (14) again, we obtain
‘ AT B (7 v r N -’ wme 2(‘C -+
? () ) S () d =7 () ~2C.Cr3 ) (23)
L 4CamCAt).
Thus, the first of the equations (15) is satisfied if the
constants C, and C; satisfy (16).

Thus, the solution of Equation (2) may be written in the
form (6), where A(n, r) and B(n, r) are determined by Expressions
(13), and the auxiliary functions a(n) and B(n) form a single
parametric family of functions (14) which depend on the parameter
Cy (or C,), and C, and C; are related with Condition (16).

It may be readily seen that the desired brightness coefficent
o(n, t) does not depend on the value of the parameter C,.
Utilizing Expression (16), the equations for the auxilliary func-
tions (14) may be written in the form

m—~ Co@— 2'6[p(n'Q D2 (' |
' ‘ (24)

563—— ?(Q-FQ'yP(* )P(ﬂ?i(ﬂﬁdnﬂ

If I'y{n, ) 1is the resolvent of the first of these equations,
and I'z2(n, ¢) is the resolvent of the second equation, then the
solut}ons of these equations may be written in the form

?(C) Cn[?(»)-ffl(‘n )?(n)dva]

sq.}mm‘[ (‘)+sz(*1 )?(j: )dv' ] ;

l
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Substituting (24) into (13), we find that A(n, g) and B(n, ),
and consequently the desired brightness coefficient p(n, z), do

not depend on C;.

For each specific law governing -the reflection.of light by
a surface, which 1s characterized by the function p(n), the
auxlliary functlons may be found numerically, and we may set C;
equal to any number differing from zero. h

Thus, if A(n, ) and B(n, r) are desired in the form (10),
then the auxillary functions are determined by the system of
Equations (11). If A(n, ) and B(n, z) are written in the form
(13), then for each of the functlons a separate equation is. /62
obtained. In numerical calculations, 1t 1s more convenient to - '
represent the auxiliary functions in the form (14) (with a valid
. selection of C; and C,) than in the form (12).
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